We study the effects of an applied in-plane uniaxial strain on the plasmon dispersions of monolayer, bilayer and double-layer phosphorene structures in the long-wavelength limit within the linear elasticity theory. In the low energy limit, these effects can be modeled through the change in the curvature of the anisotropic energy band along the armchair and zigzag directions. We derive analytical relations for the plasmon modes under uniaxial strain and show that the direction of the applied strain is important. Moreover, we observe that along the armchair direction, the changes of the plasmon dispersion with strain are different and larger than those along the zigzag direction. Using the analytical relations for two-layer phosphorene systems, we find that the strain-dependent orientation factor of layers could be considered as a means to control the variations of the plasmon energy. Furthermore, our study shows that the plasmonic collective modes are more affected when the strain is applied equally to the layers compared to the case in which the strain is applied asymmetrically to the layers. We also calculate the effect of strain on the drag resistivity in a double-layer phosphorene structure and obtain that the changes in the plasmonic excitations, due to an applied strain, are mainly responsible for the predicted results. This study can be easily extended to other anisotropic two-dimensional materials.
I. INTRODUCTION
Black phosphorus (BP) is the most stable allotrope form of crystalline phosphorus and is a layered van der Waals (vdW) material like graphite. BP is a semiconductor with puckered orthorhombic structure offering highly anisotropic optical and electronic properties.
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Few-layer BP has a unique feature that its direct bandgap exponentially deceases from 1.5 to 0.35 eV as the number of layers increases from monolayer to its bulk form. This property allows layer-engineering to tune the electronic bandgaps and light absorption spectra of BP.
This structure, with no surface dangling bonds withstands high deformation without breaking. Strain engineering, a recently developed and widely adopted technique, is capable of changing the electronic and optical properties of BP. The band structure of this novel material is highly sensitive to an applied strain and also deformation, 6 making it a good potential candidate for electromechanical applications. 7, 8 While silicon typically breaks at strain level of 1.5 % 9 and MoS 2 gets folded and wrinkled by a tensile strain of about 10 %, 10, 11 monolayer BP (phosphorene) is able to withstand a surface tension and tensile strain up to 10 N/m and 30 %, respectively. 6, 7, [12] [13] [14] [15] Plasmons, the collective excitations of the oscillating charges have been studied in graphene and other two-dimensional (2D) materials, extensively. [16] [17] [18] [19] It was shown that plasmonic collective modes in graphene have relatively long propagation length. 20, 21 In a doped MoS 2 monolayer, as a result of a strong spin-orbit coupling, the plasmon modes are different from those in graphene-like materials and enter the electron-hole continuum region just similar to the case of 2D electron or hole gas with spin-orbit coupling. 22, 23 The effect of uniaxial strain on the dispersion relation of plasmons in graphene was investigated and a strain-induced anisotropic enhancement of the deviations from linearity of the transverse modes was obtained.
24 Also, the anisotropic collective excitations in pristine single-layer and multi-layer BP have been studied in the absence and presence of a magnetic or electric field. 25, 26 In the context of plasmons in layered BP, the effect of strain is one of the main issues that should be addressed. Particularly, it is interesting to explore the strain influence on the spatially separated doublelayer phosphorene system in which the layers are coupled only via the long-range Coulomb interaction and the system exhibits a rich variety of phenomena like Coulomb drag. 27 The interaction-induced Coulomb drag transresistivity in phosphorene double-layer, that was recently investigated, 28 is attractive because of its dependence on the plasma oscillations and sensitivity to the structural anisotropy of the system.
In this paper, we theoretically investigate the effects of an applied uniaxial strain on the plasmon dispersion of monolayer, double-layer and bilayer phosphorene structures within the linear elasticity theory. We calculate the strain-dependent dynamic dielectric function within the random phase approximation (RPA) and obtain the plasmon dispersion relation in the long-wavelength limit. We show that the energy of plasmon modes depends upon the applied strain through the resulting effective masses along the armchair (x-axis) and zigzag (y-axis) directions. In two-layer phosphorene systems, the strain-dependent orientation factor of layers control the variations of plasmon frequencies. We also present our numerical results for the strain effects on the drag resistivity in a double-layer phosphorene structure and conclude that the changes in plasmonic excitations, due to applied strain, are mainly responsible for the predicted behaviors.
This work is organized as follows: In Sec.II, we introduce the low-energy Hamiltonian and effective masses for the monolayer phosphorene under strain. In Sec. III, the temperature-dependent polarization function, the RPA formalism for the dielectric function and the long-wavelength plasmon spectra for the monolayer and double-layer cases are presented and discussed. The effect of applied uniaxial strain on the Coulomb drag as an example of transport properties of double-layer phosphorene is studied in Sec. IV. Finally, in Sec.V we summarize the main results of this paper.
II. STRAIN-DEPENDENT ELECTRONIC STRUCTURE AND EFFECTIVE MASS OF PHOSPHORENE IN THE LINEAR DEFORMATION REGIME
We consider a system composed of the phosphorene layers under externally applied strain. The unit cell of monolayer phosphorene contains four phosphorus atoms which are stacked in puckered subplanes. In the tight-binding (TB) model, the Hamiltonian of the system is given as
, where t ij represents hoping between ith and jth sites and c † i (c j ) is the creation (annihilation) operator of electrons at site i(j). A strain-dependent two-band TB Hamiltonian in the continuum approximation (retaining the terms up to second order in k) and linear deformation regime has been obtained around the Γ point as
Here, only the uniaxial strains s x , s y and s z along the three principle directions, namely, the x-axis, y-axis and also the direction normal to the phosphorene plane (z-axis) have been considered. Therefore, the changes of position vector components are determined by X s = (1 + s X )X where X = x, y and z. The strain-dependent parameters in the above TB Hamiltonian are related to the unstrained ones as Table I , we list the calculated parameters of the TB Hamiltonian matrix elements for a phosphorene monolayer under the uniaxial strain. Applied strain can, in fact, affect the inter-band coupling by changing the energy gap and χ s . However, the relatively large bandgap of the phosphorene monolayer which results in a weak inter-band interaction, allows one to decouple the conduction and valence bands at small wave vectors. In this approximation, the phosphorene band structure is obtained as:
where +(-) stands for the conduction (valence) band. Thus, the strain-dependent electron and hole effective masses are given by
Considering only the conduction band and using the above strain-dependent electron effective masses along the armchair (m 
The calculated strain-dependent electron effective masses of phosphorene as functions of s x and s y are depicted in Figs. 1(a) and (b). The inset figure is the top view of monolayer phosphorene. In a relaxed (unstrained) phosphorene monolayer system, the electron effective mass is predicted to be 0.168m 0 in the armchair and 0.852m 0 in the zigzag directions.
8, 29 The smaller electron effective mass, about an order of magnitude, along the armchair direction results in a favorable transport direction in phosphorene. We show that with applying the uniaxial strain along x-axis, the effective mass in the armchair direction is almost insensitive to the strength of applied strain while along the zigzag direction, it increases notably with strain. These behaviors are direct consequences of the strain effect on the band structure and atomic orbitals of phosphorene.
14 In the case of strain applied parallel to the y-axis, the effective mass along the armchair (zigzag) direction increases (decreases). Since we just consider the one-band model, with no surprise, there is not any sharp changes in the effective masses due to the direct-indirect bandgap transition (see Fig. 1 ).
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III. PLASMONS IN MONOLAYER AND DOUBLE-LAYER PHOSPHORENE SYSTEMS UNDER UNIAXIAL STRAINS
In order to study the plasmonic collective modes, we need to calculate the dielectric function (q, ω) of the system. Within the linear-response theory, plasmon modes are defined as the zeros of the dielectric function. The RPA is the simplest diagrammatic procedure to include the electron correlations in the dielectric function. It is well-known that RPA gives the exact dielectric function at the limit of infinite electron density. As a result, it makes sense to employ the RPA to calculate the dielectric function at high electron density. The strain-dependent RPA dielectric function matrix for a few-layer system in the absence of inter-layer tunneling is given by 32,33
where V ij (q) = ν(q) exp(−qd(1 − δ ij )) is the unscreened 2D Coulomb interaction with d being the separation between layers and ν(q) = 2πe 2 /qκ, where κ being the average dielectric constant. The non-interacting polarization function of ith layer can be obtained through the following equation:
Here, A denotes the area of the unit cell, f 0 (E s i (q)) is the Fermi distribution function of layer i at strainmodified energy E s i corresponding to a 2D wave vector q and ξ being the broadening parameter which accounts for disorder in the system. In a phosphorene monolayer, the temperature-dependent dynamic polarization function for the intra-band transition has been calculated by making use of the anisotropic parabolic energy dispersion relation (Eq. (4)) as:
The plasmon dispersions in the unstrained and uniaxial tensile strained phosphorene monolayers along x− and y−axis with n = 1 × 10 13 cm −2 . Here, h-BN is considered as the substrate.
In the above symmetric form of finite temperature anisotropic polarization function, we have defined 2 and the rotational angle, τ i , is defined as the angle between x-axis in the laboratory frame and x direction of the ith layer. So, we can write Q = q m s d R s i (θ)/k F in which the strain-dependent orientation factor, R s i (θ), is expressed as:
Moreover, in Eq. (7) we define Z ± = (( ω + iξ)/ Qν 
where E s F,i and µ s i are the strain-dependent Fermi energy and chemical potential of layer i, respectively and satisfy the following particle number conservation condition:
In the limit of long-wavelength where the plasmon excitations have relatively long lifetimes, the zerotemperature polarization function can be approximated as:
Thus, the long-wavelength plasmon dispersion relation of a phosphorene monolayer under uniaxial strain is obtained as
which depends on strain through the orientation factor. An important and useful feature of this formulation is that all the effects due to strain appear in the straindependent orientation factor R s i (θ) as a multiplicative modifier. Therefore, we recover the typical √ q dispersion of anisotropic 2D plasmons and the strain effects are included in the effective masses. In Fig. 2 , we show our numerical results for the strain-dependence plasmon modes in monolayer phosphorene along (a) armchair and (b) zigzag directions for a few applied uniaxial strains. For comparison, we also present numerical results for the case of relaxed system. Due to the peculiar behaviors of the effective masses under uniaxial strains along zigzag and armchair directions, plasmon modes behave differently along these directions. The energy of plasmon modes, ω s pl (q, θ), along the armchair direction decreases with increasing the strength of applied strain due to effective mass enhancement along this direction. However, as it is shown in Fig. 2 , the effect of applied strain on the plasmon dispersion along the zigzag direction is different. It is important to notice that the energy of plasmon modes in the zigzag direction decreases (increases) corresponding to the applied s x (s y ) strain. This observation could be understood through the fact that the electron effective mass increases (decreases) with increasing s x (s y ) along the zigzag direction (see Fig. 1 ). However, the effective mass along the armchair direction increases with increasing s x and also s y . It is worth pointing out that while the applied strain changes the energy of plasmon modes, it does not alter the standard √ q dispersion behavior.
To show how unaxial strain affects the plasmonic excitations in double-layer phosphorene, we solve Eq. (5) for a 2×2 matrix. Considering the long-wavelength limit and only the intra-band transition, there are two plasmonic branches, the so-called acoustic plasmons with q-linear behavior 
and optical plasmons with square-root dependence on q
Although the optical mode, ω s op (q, θ), corresponds to a collective excitation in which the electron densities in the two layers fluctuate in-phase and it is independent of the layer separation d for small wave vectors, the acoustic plasmon mode, ω s ac (q, θ), accounts for an out-of-phase oscillation of the carriers in the two layers and depends on d. These branches are influenced by the strain through the strain-dependent orientation factor of layers, R s 1 (θ) and R s 2 (θ). While these factors are combined together additively for the optical plasmon modes, they appear as a reduced form, similar to a reduced mass in the acoustic plasmon. 36 In Fig. 3 , these modes have been illustrated for a few uniaxial strain values along the armchair and zigzag directions in phosphorene double-layer sandwiched by h-BN at an electron density n = 1 × 10 13 cm −2 and with a separation distance d = 5 nm. When strain is applied to a double-layer system, both the optical and acoustic plasmon modes decrease along the armchair direction. However, these plasmon branches exhibit a longwavelength behavior similar to the zigzag direction of plasmon dispersion in monolayer phosphorene under uniaxial strain.
It is appealing to model a real bilayer phosphorene by reducing the separation in a double-layer structure down to d = 0.5 nm. Therefore, we use the general low-energy model of anisotropic double-layer systems (see Eq. 4) in which the inter-layer hopping of electrons is not considered. The plasmon modes of the relaxed and strained bilayer phosphorene are shown in Fig. 4 where an effective dielectric constant of ∼ 2 (for a common h-BN substrate and air spacer) and an inter-layer distance of d = 0.5 nm are considered. More interestingly, due to the weak vdW interaction between phosphorene layers, the plasmon modes of our suggested bilayer phosphorene with no strain are consistent with the results have been previously obtained 37 in the long-wavelength limit. Plasmon modes in Ref. 37 , were studied by using a TB model for a real bilayer phosphorene in which the inter-layer hopping of electrons was allowed. As expected, the acoustic modes in the bilayer structure are much weaker as compared to the acoustic modes of the double-layer system because of the shorter distance between the two layers. Also, under uniaxial strain, the behavior of the optical and acoustic modes of bilayer system is similar to the case of double-layer phosphorene along both the armchair and zigzag directions. For the strained bilayer structure, we investigate two different cases: i ) the strain is equally applied to the two layers, R 1 (s) = R 2 (s), and ii ) the strain is applied only to one of the layers, R 1 (s = 0) and R 2 (s = 0). The qualitative difference between these two cases is apparent in Fig. 4 . As it can be observed, the effect of strain on the long-wavelength plasmon energies in case i is stronger than the case ii. Uniaxial tensile strain is applied along the x− and y−axis with n = 1 × 10 13 cm −2 and d = 0.5 nm. The structure is described by the effective dielectric constant of ∼ 2 (h-BN as substrate and air as spacer).
IV. TRANSRESISTIVITY IN A DOUBLE-LAYER PHOSPHORENE UNDER STRAIN
In this section, we study the transresistivity in a double-layer phosphorene under strain. It is well-known that plasmon modes contribute strongly in momentum transfer phenomenon in Coulomb coupled electron gas systems. 38, 39 The transresistivity matrix for an anisotropic double-layer system which has recently been proposed 28 is given by
where n 1 and n 2 are the electron densities in layers 1 and 2, α and β denote the Cartesian coordinates (x and y) and F s αβ (q, ω, T ) is defined as:
with ψ αβ given by
The strain-dependent dynamically screened inter-layer potential U s 12 (q, ω, T ; θ, τ 1 , τ 2 ) = U s 12 (q, ω) can be obtained from:
where det| s ij (q, ω)| is the determinant of the general dielectric matrix, Eq. (5). In Fig. 5 , we show the diagonal elements of the transresistivity tensor calculated within the RPA versus temperature for two parallel aligned phosphorene monolayers sandwiched by h-BN layers and separated by a distance of d = 5 nm. It can be seen that the values of ρ s yy is larger than ρ s xx in the studied range of temperature. This is a consequence of a higher electron effective mass (Fig. 1) which results in lower excitation energies for the acoustic and optical branches (Fig. 3) , and thus more contribution of plasmon modes to the momentum transfer phenomenon. Also, as a general result, the transresistivity is mainly influenced by the strain in such a way that it increases by increasing the applied strain. According to the calculations shown in Fig. 5 , the effect of uniaxial strain on the transresis- tivity is stronger at higher temperatures. In the case of ρ s xx , the drag resistivity shows a neat correlation with the plasmon modes when s x or s y is applied. On the other hand, although, the unstrained ρ s yy has still smaller values than the strained one, it does not really follow the trend of the plasmon modes with applied s y . We think in this case, the effect of applied strain on the single-particle contribution to the drag resistivity dominates the strain effect on the plasmons, resulting in different behavior.
V. CONCLUSION
In this paper, we have studied the effect of an applied uniaxial tensile strain on the plasmon dispersion of monolayer, bilayer and double-layer phosphorene structures. As a consequence of anisotropic energy band, the changes of plasmon dispersions are different along the armchair and zigzag directions and strongly depend on the direction of the applied uniaxial strain. Also, in twolayer phosphorene systems, it was shown that the straindependent orientation factor of layers control the variations of plasmon energies. In addition, we have obtained that while the behavior of the optical and acoustic modes are similar in both bilayer and double-layer phosphorene, plasmons along the armchair direction are more affected by strain. Moreover, for the strained bilayer structure, two different cases have been investigated: i ) the strain is equally applied to the two layers and ii ) the strain is applied only to one of the layers. We have found that the effect of strain on the long-wavelength plasmon modes in case i is stronger than the case ii. Finally, the diagonal elements of the transresistivity tensor have been calculated within the RPA for a double-layer phosphorene in which two parallel aligned phosphorene monolayers are under strain and sandwiched by h-BN. The results have been suggested that the changes in the plasmonic excitations, due to the applied strain, are mainly responsible for the predicted behaviors of the drag resistivity.
